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A rigorous theoretical investigation is made of arbitrary amplitude nucleus acoustic solitary waves
in a fully ionized multi-nucleus plasma system (consisting of thermally degenerate electron species
and non-degenerate warm light as well as heavy nucleus species). The pseudo-potential approach,
which is valid for the arbitrary amplitude solitary waves, is employed. The subsonic and supersonic
nucleus-acoustic solitary waves (which are found to be compressive) along with their basic features
are identified. The basic properties of these subsonic and supersonic nucleus-acoustic solitary waves
are found to be significantly modified by the effects of non and ultra-relativistically degenerate elec-
tron species, dynamics of heavy nucleus species, number densities as well as adiabatic temperatures
of light and heavy nucleus species, etc. It shown that the presence of heavy nucleus species with non-
degenerate (isothermal) electron species supports the existence of subsonic nucleus-acoustic solitary
waves, and that the effects of electron degeneracies and light and heavy nucleus temperatures reduce
the possibility for the formation of these subsonic nucleus-acoustic solitary waves. The amplitude
of the supersonic nucleus-acoustic solitary waves in the situation of non-relativistically degenerate
electron species is much smaller than that of ultra-relativistically degenerate electron species, but
is much larger than that of isothermal electron species. The rise of adiabatic temperature of light
or heavy nucleus species causes to decrease (increase) the amplitude (width) of the subsonic and
supersonic nucleus acoustic solitary waves. On the other hand, the increase in the number density
of light or heavy nucleus species causes to increase (decrease) the amplitude (width) of the subsonic
and supersonic nucleus acoustic solitary waves. The results of this investigation are found to be
applicable in laboratory, space, and astrophysical plasma systems.
PACS numbers: 52.35.Sb; 47.35.Fg; 94.05.Fg; 43.25.Rq
I. INTRODUCTION
Mamun [1] has first introduced the electron degener-
ate energy along with corresponding wave speed (Cl) and
wave scale length (Lq) associated with the degenerate
electron pressure [2–8], and has also identified the de-
generate pressure driven (DPD) nucleus-acoustic (NA)
waves, and has pinpointed their new basic features in de-
generate plasma systems [2–11], which are composed of
cold degenerate electron species (DES) [2–4], cold non-
degenerate light nucleus species (viz. 11H [2], or 42He
[3] or 126C [5] or 168O [5]), and stationary heavy nucleus
species (viz. 5626Fe [12] or 8537Rb [13] or 9642Mo [13]). The
linear dispersion relation for such DPD NA waves in such
a cold degenerate plasma is given by [1]
ω =
√
γe
1 + µ
kCl√
1 + γe1+µk
2L2q
, (1)
where ω = 2pif and k = 2pi/λ with f (λ) being the DPD
NA wave frequency (wavelength); µ = ZhNh0/ZlNl0
with Zle (Zhe) being the charge of the light (heavy) nu-
cleus species, and Nl0 (Nh0) being the equilibrium num-
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ber density of the light (heavy) nucleus species; Cl =
(ZlEe0/ml)
1/2 is the DPD NA wave speed with ml being
the mass of a light nucleus; Ee0 = KN
γe−1
e0 is the cold
degenerate electron energy [1] associated with degener-
ate electron pressure [2–4] Pe0 = KNe0γe at equilibrium;
K ' 3pih¯2/5me [1–7] for γe = 5/3 (non-relativistically
DES [2–4]); K ' 3h¯c/4 [1–7] for γe = 4/3 (ultra-
relativistically DES [2–4]); Lq = Cl/ωpl is the DPD NA
wave length scale with ωpl = (4piNl0Z2l e
2/ml)
1/2 being
the nucleus plasma frequency and ml mass of a light nu-
cleus; me (h¯) is the electron rest mass (reduced Planck’s
constant), c is the speed of light in vacuum, and e is
the charge of a proton or the magnitude of the charge
of an electron. We note that Ne0 = ZlNl0 + ZhNh0 at
equilibrium. It is important to mention that in any cold
degenerate plasma K is unknown for γe = 1, which, thus,
cannot be considered in (1) since the latter is not valid
for any cold degenerate plasma system. The dispersion
relation for the long wavelength DPD NA waves (viz.
kLq  1, which is the appropriate limit for these waves)
becomes
ω '
√
γe
1 + µ
kCl, (2)
which indicates that the degenerate electron pressure
(nucleus mass density) provides the restoring force (iner-
tia) in these DPD NA waves, and that the phase speed of
these DPD NA waves decreases (increases) with the rise
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2of µ (γe). This dispersion relation also indicate that the
DPD NA waves completely disappear in absence of the
electron degenerate pressure, which is independent of the
temperature of any plasma species. Thus, the DPD NA
waves [1] defined by (1) is completely different from the
well known ion-acoustic (IA) waves [14–16] due to the
fact that the IA (DPD NA) waves are driven by the elec-
tron thermal (degenerate) pressure, and that the speed,
length scale, and time scale of the IA waves are far differ-
ent from those of the DPD NA waves. However, cold de-
generate plasma systems under different conditions have
been considered by many authors to study the nonlinear
propagation of the IA waves during the last ten years
[17–39].
Recently, there has been a great deal of interest in
understanding the physics of linear and nonlinear prop-
agation of DPD NA waves [1] in degenerate plasma sys-
tems under different situations [2–13] not only because
of their basic difference from the IA waves [14–16], but
also because of the existence of the degenerate plasma
systems [2–13] in enormous number of astrophysical com-
pact objects [2–8] and laboratory devices [9–11], where
the degenerate pressure is comparable to or greater than
all other pressures like thermal, electrostatic, and self-
gravitational pressures [2–13].
We are now interested in deriving a more general and
realistic dispersion relation by considering thermally DES
(TDES) [instead of the cold degenerate DES considered
in (1)], and cold mobile heavy nucleus species [instead
of stationary heavy nucleus species considered in (1)].
The dynamics of the light nucleus species is as before.
The dispersion relation for the DPD NA waves in such
thermally degenerate plasma system (TDPS) is given by
ω =
√
γe(1 + µSh)
1 + µ+ γek2λ2q
kCq , (3)
where Sh = Zhml/Zlmh; Cq = (ZlEe0/ml)1/2 in which
Ee0 = Eed+Eet with Eed (Eet) being the electron degener-
ate (thermal) energy associated with electron degenerate
(thermal) pressure; and λq = Cq/ωpl. The dispersion re-
lation for the long-wavelength DPD NA waves (kλq  1,
which is the appropriate limit for these waves) in a TDPS
becomes
ω '
√
γe(1 + µSh)
1 + µ
kCq , (4)
which indicates that the dispersion relation (4) for the
DPD NA waves in such a TDPS can be interpreted as
follows
• The dispersion relations (2) and (4) are identical
for Sh = 0 (indicating stationary heavy nucleus
species) and Eet = 0 (indicating cold DES).
• The phase speed (ω/k) of the DPD NA waves in-
creases with rise of the value of Sh. The rate of
increase of ω/k with µ in the case of Sh 6= 0 is
slower than that in the case of Sh = 0.
• It is obvious that Cq > Cl and λq > Lq. This
means that the phase speed (wavelength) for Eet 6=
0 is higher (lower) than that for Eet = 0. This
is due to the rise of the volume of the degenerate
medium caused by the outward thermal pressure of
the TDES.
There are also a number of investigations [40–48] on non-
linear NA waves in degenerate plasma systems during the
last five years. The limitations of these works are as fol-
lows.
• The works [40–48] are valid only for cold degen-
erate electron and nucleus species. So the works
are not valid for warm degenerate plasma systems,
particularly for hot white dwarfs [49–53].
• The works [40–48] are based on the reductive per-
turbation method [54], which is valid for small am-
plitude nonlinear waves. Thus, the works are not
valid for large amplitude nonlinear waves.
• The wave speed and length scale, which are inde-
pendent of the degenerate electron pressure, are not
properly defined in the works [40–48] from which
one cannot get the linear dispersion relation for the
DPD NA waves defined by (2) or (4). Therefore,
the linear and nonlinear features of the DPD NA
waves were not properly identified by these works,
which are correct for other kind of nonlinear NA
waves, but not for the DPD NA waves defined by
(2) or (4).
To overcome the limitations of the works [40–48], we
consider a thermally degenerate plasma system [con-
taining thermally degenerate electron species, and non-
degenerate warm light and heavy nucleus species, and
investigate the arbitrary amplitude DPD NA solitary
waves (SWs) by the pseudo-potential approach [55, 56].
The thermally degenerate plasma system under our
present consideration is so general that it is valid for
hot white dwarfs [49–53] as well as in many space [57–
60] and laboratory [61–64] plasma environments, where
non-degenerate electron-ion plasma with heavy positively
charged particles (as impurity or dust) occur.
The structure of the manuscript is as follows. The
thermally degenerate plasma model is illustrated in Sec.
II. The criteria for the existence of subsonic and super-
sonic DP NA SWs and their basic features for different
situations of thermally degenerate plasmas are investi-
gated by the pseudo-potential approach in Sec. III. The
thermally degenerate plasma model under consideration,
results obtained from this investigation, and some impor-
tant applications are pinpointed as a brief discussion in
Sec. IV.
II. MODEL EQUATIONS
We consider a general and realistic TDPS containing
the TDES and warm adiabatic degenerate heavy and
3light nuclei species. We also consider the propagation
of thermally degenerate pressure driven (TDPD) nucleus
acoustic (NA) waves in such a TDPS. The dynamics of
the TDPD NA waves in such a TDPS is described by
∂Nj
∂T
+
∂
∂X
(NjUj) = 0 , (5)
∂Pjq
∂T
+ Uj
∂Pjq
∂X
+ γjPjq ∂Uj
∂X
= 0 , (6)
∂
∂X
(Ped + Pet)−Nee ∂Φ
∂X
= 0 , (7)
∂Ul
∂T
+ Ul
∂Ul
∂X
= −Zle
ml
∂Φ
∂X
− 1
Nlml
∂
∂X
(Pld + Plt) , (8)
∂Uh
∂T
+ Uh
∂Uh
∂X
= −Zhe
mh
∂Φ
∂X
− 1
Nhmh
∂
∂X
(Phd + Pht) ,(9)
∂2Φ
∂X2
= 4pie(Ne − ZlNl − ZhNh) , (10)
where Φ is the electrostatic NA wave potential; Nj (Uj)
is number density (fluid speed) of the plasma species j
(with j = e for TDES, j = l for degenerate adiabatically
warm light nucleus species, and j = h for degenerate
adiabatically warm heavy nucleus species; Pjq in (6)−(9)
is the outward pressure for the species j of the type q
(with q = d for the degenerate pressure and q = t for the
thermal pressure); γj is adiabatic index for the plasma
species j; X (T ) is the space (time) variable.
To derive the expression for Pjq from (5) and (6), we
first make all the dependent variables to depend only on
a single variable ζ = X −MT , where M is the nonlinear
wave speed. Now, expressing (5) and (6) in terms of
ζ and using the steady state condition ∂/∂T → 0, we
obtain
−M dNj
dζ
+
d
dζ
(NjUj) = 0 , (11)
−M dPjq
dζ
+ Uj
dPjq
dζ
+ γjPjq dUj
dζ
= 0 . (12)
Now, integrating (11) with respect to ζ with the ap-
propriate equilibrium conditions (viz. Nj → Nj0 and
Uj → 0), one can write
Uj = M
(
1− Nj0
Nj
)
. (13)
Inserting (13) into (12) and dividing the resulting equa-
tion by Nγj−1j , we obtain
d
dζ
(
Pjq
N
γj
j
)
= 0 . (14)
By integrating (14) once with respect to ζ, one can ex-
press Pjq as
Pjq = KjqNγjj , (15)
where Kjq = EjqN (1−γj)j0 is the proportional-
ity/integration constant [in which Ejq is equilibrium en-
ergy associated with the outward pressure for the species
j of type q].
We also write the expression for ne(= Ne/Ne0) in terms
of φ(= eΦ/Ee0), where Ee0 = Eed + Eet), as
ne =
(
1 +
γe − 1
γe
φ
) 1
γe−1
, (16)
which derived by using (5)−(6). We note that (16)
is valid for the arbitrary value of γe, and is, thus,
valid for non-relativistically (γe = 5/3) as well as ultra-
relativistically (γe = 4/3) TDES. We also note that for
a cold DES, Eet = 0 and Ee0 = Eed = KedN (γe−1)e0 ,
which mean that φ = eΦ/Eed. On the other hand, for
a non-degenerate thermal electron species, Eed = 0 and
Ee0 = Eet = kBTe, which indicate that φ = eΦ/kBTe.
It is worth noting that we cannot directly use γe = 1
in (16). To use γe = 1 in (16), we expand the latter as
ne =
(
1
γe
)
φ+
(
γ2
2!γ2e
)
φ2 +
(
γ2γ3
3!γ3e
)
φ3 + · · ·, (17)
where γ2 = 2− γe and γ3 = 3− 2γe, and by substituting
γe = 1 into (18), one obtains ne as
ne = 1 + φ+
φ2
2!
+
φ3
3!
+ · · · = exp(φ). (18)
Thus, after expressing (16) in the form of (18), it is valid
for γe = 1 which yields ne = exp(φ) with φ = eΦ/kBTe.
It is convenient to introduce dimensionless quantities
into (5)−(10). Thus, substituting Pld and Plt as obtained
from (15) into (8) and (9), our basic equations (5), (8)
and (9) for nucleus species, and the Poisson’s equation
(10) can be rewritten in dimensionless form as
∂nl
∂t
+
∂
∂x
(nlul) = 0, (19)
∂nh
∂t
+
∂
∂x
(nhuh) = 0, (20)
∂ul
∂t
+ ul
∂ul
∂x
= −∂φ
∂x
− σl
nl
∂nγll
∂x
, (21)
∂uh
∂t
+ uh
∂uh
∂x
= −Sh ∂φ
∂x
− σh
nh
∂nγhh
∂x
, (22)
∂2φ
∂x2
= (1 + µ)ne − nl − µnh, (23)
where we have normalized the variables as x = X/λq,
t = Tωpl, nl = Nl/Nl0, nh = Nh/Nh0, ul = Ul/Cq,
uh = Uh/Cq, φ = eΦ/Ee0, σl = El0/ZlEe0 (with El0 =
Eld + Elt), and σh = Eh0Sh/ZhEe0. We note that we have
redefined Ee0, and that the newly defined Ee0 must be
used in defining Cq and λq. However, as before Cq =
λqωpl.
III. NA SOLITARY WAVES
To study arbitrary amplitude TDPD NA SWs, we first
assume that all dependent variables in (19) – (23) depend
4on a single independent variable ξ = x −Mt, whereM
is the the Mach number. This transformation along with
the steady state condition (∂/∂t→ 0) leads our basic set
of equations to
Mdnl
dξ
− d
dξ
(nlul) = 0, (24)
Mdnh
dξ
− d
dξ
(nhuh) = 0, (25)
Mdul
dξ
− ul dul
dξ
=
dφ
dξ
+
σl
nl
dnγll
dξ
, (26)
Mduh
dξ
− uh duh
dξ
= Sh
dφ
dξ
+
σh
nh
dnγhh
dξ
, (27)
d2φ
dξ2
= (1 + µ)ne − nl − µnh. (28)
Now, by imposing the appropriate boundary conditions
(namely, nl = 1, nh = 1, ul = 0, uh = 0, and φ = 0), the
integration of (24)-(27) gives rise to
ul =M
(
1− 1
nl
)
, (29)
uh =M
(
1− 1
nh
)
, (30)
2Mul − ul2 − 2φ− γσl[n(γl−1)l − 1] = 0, (31)
2Muh − uh2 − 2Shφ− γσh[n(γh−1)h − 1] = 0, (32)
where γσl = 2σlγl/(γl − 1), γσh = 2σhγh/(γh − 1) .
Again, substituting ul and uh [given by (29) and (30)],
respectively, into (31) and (32), one can obtain equations
for nl and nh as
γσln
(γl+1)
l − (M2 + γσl − 2φ)n2l +M2 = 0 , (33)
γσhn
(γh+1)
h − (M2 + γσh − 2Shφ)n2h +M2 = 0 .(34)
It is important to note that (33) and (34) are valid for the
arbitrary value of γe, and (γl, γh) > 1. Thus, they can
be used for cold (σl = σh = 0) as well as adiabatic (γl =
γh = 3) non-degenerate light and heavy nucleus species.
We also note that we have ignored the the effect of the
nucleus degeneracy in our present investigation, because
the degeneracy in both light and heavy nuclei species is
insignificant compared to that in electron species [1, 7,
40, 41].
For the cold light and heavy nucleus species limit (σl =
σh = 0), we can solve (33) and (34) for nl as nh as
nl =
1√
1− 2φM2
, (35)
nh =
1√
1− 2ShφM2
. (36)
On the other hand, for both non-degenerate adiabatic
light and heavy nucleus species (σl = σlt 6= 0, σh = σht 6=
0, and γl = γh = 3), (33) and (34) can be expressed,
respectively, as
3γln
4
l − (M2 + 3σlt − 2φ)n2l +M2 = 0, (37)
3γhn
4
h − (M2 + 3σht − 2Shφ)n2h +M2 = 0, (38)
where σlt = Tl/ZlTe and σht = ShTh/ZhTe. It is obvious
that (37) and (38) are quadratic equations for n2l and n
2
h,
respectively. Therefore, the solution of (37) and (38) for
nl and nh are given by
nl =
[
1
6σlt
(
Φl0 −
√
Φ2l0 − 12σltM2
)] 1
2
, (39)
nh =
[
1
6σht
(
Φh0 −
√
Φ2h0 − 12σhtM2
)] 1
2
, (40)
where Φl0 =M2+3σlt−2φ and Φh0 =M2+3σht−2Shφ.
The multiplication of (28) first by dφ/dξ, and then the
integration of the resulting equation with respect to ξ
[under appropriate boundary conditions, (dφ/dξ)→ 0 at
ξ → ±∞] give rise to an energy integral in the form
1
2
(
dφ
dξ
)2
+ V (φ) = 0, (41)
where
V (φ) = −
∫
[(1 + µ)ne − nl − µnh]dφ , (42)
in which ne is given by (16). The latter is valid for
γe = 5/3 (non-relativistically TDES) and γe = 4/3
(ultra-relativistically TDES), and (18) is valid for γe = 1
(Boltzmann distributed electron species). The energy in-
tegral (41) [with the pseudo-potential V (φ) defined by
(42)] gives rise to the TDPD NA SWs if [d2V/dφ2]φ=0 < 0
so that the fixed point at the origin is unstable [56] and if
at the same time [d3V/dφ3]φ=0 > 0 (< 0) for the TDPD
NA SWs with φ > 0 (φ < 0). We note that V (0) = 0
and [dV/dφ]φ=0 = 0 are automatically satisfied because
of the integration constant chosen and the equilibrium
charge neutrality condition, respectively. We now study
the basic features of the TDPD NA SWs for two special
situations of TDPS in following two subsections.
A. Cold non-degenerate nucleus species
We consider here cold non-degenerate nucleus species
(σl = σh = 0) which is valid for (ω/k) (kBTl0/ml)1/2.
Inserting (16), (35), and (36) into (42), we obtain the
pseudo-potential as
V (φ) = C0−(1+µ)
(
1 +
γe − 1
γe
φ
) γe−1
γe −M2
√
1− 2φM2
− M
2µ
Sh
√
1− 2ShφM2 , (43)
5where C0 = 1 + µ +M2 +M2µ/Sh is the integration
constant which has been chosen in such a manner that
V (φ) = 0 at φ = 0.
To analyze V (φ) defined by (43) analytically, for φ < 0,
we can expand V (φ) as
V (φ) ≈ C2φ2 + C3φ3 + · · ·, (44)
where
C2 =
1
2!
[
1 + Shµ
M2 −
1
γe
(1 + µ)
]
, (45)
C3 =
1
3!
[
3(1 + S2hµ)
M4 −
1
γ2e
(2− γe)(1 + µ)
]
. (46)
It is obvious from (43) and (44) that V (φ) = dV (φ)/dφ =
0 at φ = 0. Therefore, NA solitary wave solution of
(41) exist if (i) d2V (φ)/dφ2 < 0 at φ = 0 so that
the fixed point at the origin is unstable [56] and (ii)
[d3V/dφ3]φ=0 > (<)0 for the NA SWs with φ > 0 (φ < 0)
[56]. Under the above assumption the NA SWs exist
if C2 < 0, i.e. if M > Mc, where Mc is the critical
Mach number, which corresponds to the vanishing of the
quadratic term in (44), and is given by
Mc =
√
γe(1 + Shµ)
1 + µ
. (47)
At this critical value of M, the NA SWs with φ > 0
(φ < 0) will exist if C3 > 0 (< 0), where C3(M = Mc)
is given by
C3(M =Mc) =
(
1 + µ
3!γ2e
)[
3(1 + µ)(1 + S2hµ)
(1 + Shµ)2
− 2 + γe
]
.
(48)
It is observed that C3(M =Mc) > 0 for µ ≥ 0, Sh > 0
and γe ≥ 1. Therefore, our plasma system under con-
sideration only supports the NA SWs with φ > 0 for
any possible values of µ, Sh, and γe. Figure 1 shows
how the critical Mach numberMc varies with µ for the
isothermal electron species γe = 1 (red solid curve), ultra-
relativistically DES γe = 4/3 (green dotted curve), and
non-relativistically DES γe = 5/3 (blue dashed curve).
It is seen that as the non-degenerate heavy nucleus num-
ber density increases, the critical Mach number (Mc)
decreases. It also indicates that the isothermal electron
species supports the formation of both subsonic and su-
personic NA SWs. The existence of subsonic NA SWs
region is represented by the shadow area, as shown in
Fig. 1. This region becomes broader with the increase in
µ. The supersonic NA SWs region is found above the pur-
ple dot-dashed line (Mc = 1). On the other hand, the
ultra-relativistic and non-relativistic DES support only
the supersonic NA SWs for 0 < µ < 1.
We first investigate the properties of small amplitude
NA SWs by considering the approximation [given by
(44)]. Inserting (44) into (41) and upon integrating along
with the condition V (φ) = 0 at φ → φm, we obtain, in
the small amplitude limit, the NA solitary wave solution
[63]
φ =
(
−C2
C3
)
sech2
(√
−C2
2
ξ
)
. (49)
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FIG. 1: The variation of the threshold Mach number Mc
with µ for Sh = 0.5, γe = 1 (red solid curve), γe = 4/3 (green
dotted curve), and γe = 5/3 (blue dashed curve). The purple
dot-dashed line corresponds toMc = 1.
The profiles (indicating the amplitude and width) of
the small amplitude subsonic (Mc <M < 1) and super-
sonic (M > 1 and M > Mc) NA SWs associated with
the positive potential are graphically displayed in Figs. 2
- 4. We also investigate the properties of arbitrary ampli-
tude NA SWs by numerical analyses of (43). Our direct
numerical analysis of (43) also show the existence of pos-
itive NA SWs potential. Figures 5 - 7 displays the forma-
tion of the potential wells in the positive φ-axis for the
same set of plasma parameters as that in small amplitude
limit. It is found for the small amplitude limit that the
subsonic NA SWs with φ > 0 exist for the non-degenerate
isothermal electron, but both the ultra-relativistic and
non-relativistic degenerate electron supports the super-
sonic NA SWs with φ > 0. It is observed that the am-
plitude (width) of the NA SWs increases (decreases) as
the number density of heavy nucleus species increases.
Thus, the effect of the ultra-relativistic degenerate elec-
tron significantly modifies the basic features of NA SWs.
It is found that the amplitude of NA SWs in the non-
relativistically DES is much smaller than that in ultra-
relativistically DES, but is larger than that in Boltzmann
distributed electron species (BDES). Note that the width
of supersonic NA SWs in ultra-relativistically degenerate
electron species is much wider than that in both other
electron species. On the other hand, for arbitrary ampli-
tude limit Figs. 5 - 7 provide a visualization of the ampli-
tude (φm), which is the intercept on the positive φ-axis,
and the width (φm/
√|Vm|, where |Vm| is the maximum
value of V (φ) in the potential wells formed in the positive
φ-axis.
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FIG. 2: The variation of the small amplitude subsonic NA
SWs for different values of µ = 0.15 (red solid curve), µ = 0.2
(green dotted curve), and µ = 0.25 (blue dashed curve) at
γe = 1,M = 0.99, and Sh = 0.5.
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FIG. 3: The variation of the small amplitude supersonic NA
SWs for different values of µ = 0.15 (red solid curve), µ = 0.2
(green dotted curve), and µ = 0.25 (blue dashed curve) at
γe = 4/3,M = 1.15, and Sh = 0.5.
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FIG. 4: The variation of the small amplitude supersonic NA
SWs for different values of µ = 0.15 (red solid curve), µ = 0.2
(green dotted curve), and µ = 0.25 (blue dashed curve) at
γe = 5/3,M = 1.28, and Sh = 0.5.
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FIG. 5: The formation of potential wells in positive φ-axis
for µ = 0.15 (red solid curve), µ = 0.2 (green dotted curve),
and µ = 0.25 (blue dashed curve) at γe = 1, M = 0.99, and
Sh = 0.5.
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FIG. 6: The formation of potential wells in positive φ-axis for
µ = 0.15 (red solid curve), µ = 0.2 (green dotted curve), and
µ = 0.25 (blue dashed curve) at γe = 4/3, M = 1.15, and
Sh = 0.5.
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-0.00005
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0.00010
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FIG. 7: The formation of potential wells in positive φ-axis for
µ = 0.15 (red solid curve), µ = 0.2 (green dotted curve), and
µ = 0.25 (blue dashed curve) at γe = 5/3, M = 1.28, and
Sh = 0.5.
7The increase in µ causes to increase (decrease) the am-
plitude (width) of both subsonic and supersonic NA SWs.
The depth of potential wells for the ultra-relativistically
DES is much larger than that in isothermal and non-
relativistically electron species. The effects of γe shows
the similar results as that in the case of small amplitude
limit. It is concluded from this visualization that the
variation of the amplitude and the width with µ in the
case of arbitrary amplitude NA SWs is almost the same
as that in the case of small amplitude NA SWs.
B. Adiabatically warm non-degenerate nucleus
species
We finally consider non-degenerate warm adiabatic nu-
cleus species where the light [heavy] number density de-
fined by (39) [(40)]. The nucleus number densities [given
by (39) and (40)] are valid when Pjd  Pjt which is
valid not only for hot white dwarfs [49–53], but also for
many space [57–60] and laboratory [61, 62] plasma envi-
ronments. Now, inserting (16), (39), and (40) into (42),
and following the same procedure as mentioned before,
we can obtain the pseudo-potential V (φ) as
V (φ) = Cσ0 − (1 + µ)
[
1 +
(
γe − 1
γe
)
φ
] γe
γe−1
−
√
2
3
√
3σlt
(√
Φl0 − Φl1
)(
Φl0 +
1
2
Φl1
)
− µ
√
2
3Sh
√
3σht
(√
Φh0 − Φh1
)(
Φh0 +
1
2
Φh1
)
, (50)
where Cσ0 = 1 + µ + σlt +M2 + µ(M2 + σht)/Sh is the
integration constant chosen in such a way that V (φ) = 0
at φ = 0, Φl0 =M2 + 3σlt−2φ, Φl1 =
√
Φ2l0 − 12σltM2,
Φh0 =M2 + 3σht− 2Shφ, and Φh1 =
√
Φ2h0 − 12σhtM2.
To find the solitary wave solution of (41), the pseudo-
potential V (φ) must satisfy the necessary conditions as
mentioned before. Therefore, to find the conditions for
the existence of the NA SWs, we expand V (φ) as
V (φ) ≈ Cσ2 φ2 + Cσ3 φ3 + · · ·, (51)
where
Cσ2 =
1
2!
[
Shµ
M2 − 3σht +
1
M2 − 3σlt −
1
γe
(1 + µ)
]
,(52)
Cσ3 =
1
3!
[
3S2hµ(M2 + σht)
(M2 − 3σht)3 +
3(M2 + σlt)
(M2 − 3σlt)3
− 1
γ2e
(2− γe)(1 + µ)
]
. (53)
The coefficient of φ2 (viz. Cσ2 ) indicates from
[d2V/dφ2]φ=0 < 0) that the solitary wave solution of (41)
with (50) exists if and only if Cσ2 < 0. Thus, the NA SWs
exist ifM >Mσc , whereMσc is given by
Mσc =
(
b+
√
b2 − 4ac
2a
)1/2
, (54)
a = 1 + µ, b = 3a(σlt + σht) + γe(Shµ + 1), and c =
3γe(Shµσlt + σht) + 9aσltσht. We get Mσc = Mc if we
neglect the temperature of light and heavy ions species
(i.e. σlt = σht = 0). On the other hand, the NA SWs
exist with φ > 0 (φ < 0) if C3(M = Mσc ) > 0 (< 0).
It has been checked that C3(M = Mσc ) > 0 for µ ≥ 0,
σlt ≥ 0, σht ≥ 0, and γe ≥ 1. Therefore, the NA SWs
only with φ > 0 exist for all possible values of µ, σlt,
σht, and γe. Figure 8 displays how the critical Mach
number (Mσc ) varies with σlt for µ = 0.8. It is seen
thatMσc increases with σlt for all the possible values of
γe. The effects of the temperature of light and heavy
nucleus species reduce the region where the subsonic NA
SWs exist. In the presence of warm adiabatic light and
heavy nuclei species, the region of subsonic SWs shrinks
as the number density of light nucleus species increases.
The similar effect of Mσc with σht has been observed
(which is not shown here). The non-relativistically and
ultra-relativistically degenerate electrons as well as the
temperature of light and heavy nuclei species are also
here against the formation of subsonic NA SWs, but are
in favor of the formation of supersonic NA SWs with
φ > 0.
For the small amplitude limit, the solitary wave so-
lution of (41) with the approximation [given by (51)] as
well as the condition V (φ) = 0 at φ→ φm can be written
as [63]
φ =
(
−C
σ
2
Cσ3
)
sech2
(√
−C
σ
2
2
ξ
)
. (55)
To study the role of nucleus temperature (σlt, σht) on
the basic properties of both large and small amplitudes
subsonic and supersonic NA solitary structures, we visu-
alize the solution (55) and numerically solve the pseudo-
potential V (φ) [given by (50)] for γe = 1 (BDES),
γe = 4/3 (ultra-relativistically DES), and γe = 5/3 (non-
relativistically DES).
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FIG. 8: The variation of the threshold Mach number Mσc
with σlt for µ = 0.8, Sh = 0.5, σht = 0.015, γe = 1 (red
solid curve), γe = 4/3 (green dotted curve), and γe = 5/3
(blue dashed curve). The purple dot-dashed line corresponds
toMσc = 1.
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FIG. 9: The variation of the small amplitude subsonic NA
SWs for different values of σlt = 0.02 (red solid curve), σlt =
0.03 (green dotted curve), and σlt = 0.04 (blue dashed curve)
at γe = 1,M = 0.99, µ = 0.8, Sh = 0.5, and σht = 0.015.
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FIG. 10: The variation of the small amplitude supersonic
NA SWs for different values of σlt = 0.02 (red solid curve),
σlt = 0.03 (green dotted curve), and σlt = 0.04 (blue dashed
curve) at γe = 4/3, M = 1.09, µ = 0.8, Sh = 0.5, and
σht = 0.015.
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FIG. 11: The variation of the small amplitude supersonic
NA SWs for different values of σlt = 0.02 (red solid curve),
σlt = 0.03 (green dotted curve), and σlt = 0.04 (blue dashed
curve) at γe = 5/3, M = 1.21, µ = 0.8, Sh = 0.5, and
σht = 0.015.
-0.05 0.05 0.10 0.15 0.20 ϕ
-0.0010
-0.0008
-0.0006
-0.0004
-0.0002
0.0002
V(ϕ)
FIG. 12: The formation of potential wells in positive φ-axis for
σlt = 0.02 (red solid curve), σlt = 0.03 (green dotted curve),
and σlt = 0.04 (blue dashed curve) at γe = 1, M = 0.99,
µ = 0.8, Sh = 0.5, and σht = 0.015.
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FIG. 13: The formation of potential wells in positive φ-axis for
σlt = 0.02 (red solid curve), σlt = 0.03 (green dotted curve),
and σlt = 0.04 (blue dashed curve) at γe = 4/3, M = 1.09,
µ = 0.8, Sh = 0.5, and σht = 0.015.
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FIG. 14: The formation of potential wells in positive φ-axis
for σlt = 0.02 (solid curve), σlt = 0.03 (dotted curve), and
σlt = 0.04 (dashed curve) at γe = 5/3, M = 1.21, µ = 0.8,
Sh = 0.5, and σht = 0.015.
9Note that we have used the same set of plasma pa-
rameters for both large and small amplitude limit. The
results are shown in Figs. 9 - 11 (Figs. 12 - 14) for small
(large) amplitude NA SWs. It is observed that the effect
of nucleus temperature reduces the possibility for the ex-
istence of subsonic NA SWs. Therefore, more number
density or charge of heavy nucleus is required to have the
subsonic NA SWs as the nucleus temperature rises. The
amplitude (width) of both subsonic and supersonic NA
SWs decreases (increases) with the increases in nucleus
temperature. We have observed the same behaviour, as
found in previous situation, that the ultra-relativistically
DES (γe = 4/3) and non-relativistically DES (γe = 5/3)
do not support the formation of subsonic NA SWs, but
the BDES (γe = 1) does. The much wider NA solitary
pulses in non-relativistically DES (γe = 5/3) as compared
to the γe = 1 and γe = 4/3 have also been observed here.
IV. DISCUSSION
The thermally degenerate pressure driven arbitrary
amplitude nucleus acoustic solitary waves in a thermally
degenerate plasma system (containing thermally degen-
erate electron species and non-degenerate light and heavy
nucleus species) have been investigated. The dynam-
ics of light and heavy nucleus species has been studied
based on equal footing. So, the solitary waves we in-
vestigated can be either light nucleus-acoustic solitary
waves if nl0ml  nh0mh or heavy nucleus-acoustic soli-
tary waves if nl0ml  nh0mh. The pseudo-potential ap-
proach, which is valid for arbitrary amplitude solitary
waves, has been employed. The results, which have been
obtained from this theoretical investigation, can be pin-
pointed as follows:
• The phase speed of the thermally degenerate
nucleus-acoustic waves decreases (increases) with
rise of the value of µ (Sh). The rate of decrease
of the phase speed with µ in the case of Sh 6= 0 is
slower than that in the case of Sh = 0. This is due
to same planarity of both dynamical species. How-
ever, the result would be opposite if the planarity
of two dynamical species would be opposite.
• It is obvious that Cq > Cl and λq > Lq. This means
that the phase speed (wavelength) for Eet 6= 0 is
higher (lower) than that for Eet = 0. This is due
to the rise of the volume of the degenerate medium
caused by the additional outward thermal pressure
of the thermally degenerate electron species.
• The consideration of Boltzmann distributed elec-
tron species (γe = 1) makes the plasma system
non-degenerate and gives rise to subsonic ther-
mally degenerate nucleus-acoustic solitary waves
with φ > 0. However, the electron degeneracy
and light and heavy nucleus temperature reduce
the possibility for the formation of these supersonic
solitary waves.
• The Mach number decreases as the charge density
of the heavy nucleus species increases which agrees
with our linear analysis presented in introduction
section. We note that the Mach number defined
here is only valid if nl0ml  nh0mh or if the waves
are formed due to the compression and rarefaction
of light nucleus species.
• The consideration of ultra-relativistically and non-
relativistically degenerate electron species supports
only the existence of supersonic solitary waves with
φ > 0.
• The amplitude (width) of both the subsonic and
supersonic solitary waves decreases (increases) with
the rise of values of γe, σlt, and σht. This is due to
the fact that the latter increases the random motion
of both light and heavy nucleus species.
• The height of the solitary structures in non-
relativistically degenerate electron species (γe =
5/3) is much smaller than that in ultra-
relativistically degenerate electron species (γe =
4/3), but is much larger than that in Boltzmann
distributed electron species (γe = 1).
• The basic features obtained from analytical solitary
wave solution of the energy integral with V (φ) =
C2φ
2 +C3φ
3, which is valid for small but finite am-
plitude solitary waves, are found to be the same as
those obtained from the direct numerical analysis
of the general form of V (φ), which is valid for ar-
bitrary amplitude solitary waves. This means that
the basic features of the solitary waves identified in
this investigations are correct.
The electron-helium-carbon thermal degenerate plasma
system (for which Zl = 2, Zh = 6, me = 9.1 × 10−31
kg, and ml = 1.6726 × 10−27 kg, mh = 2.0085 × 10−26
kg) have been used in our numerical analyses. The wide
range of values of other parameters, viz. σlt = 0-0.3,
σht = 0-0.3, and µ = 0.01-1 have been used. Thus,
the results obtained from this investigation are appli-
cable in understanding the salient features of localized
electrostatic disturbances not only in astrophysical com-
pact objects like hot white dwarfs [49–53], but also in
space environments [57–60] and laboratory devices [61–
64] where the electrons species follow the Boltzmann re-
lation, the ion species play the role as the light nucleus
species does, and the positively charged particles (as posi-
tively charged impurity or dust) play the role as the heavy
nucleus species does.
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